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Abstract: We study the axion strings with the electroweak gauge flux in the DFSZ
axion model and show that these strings, called the electroweak axion strings, can exhibit
superconductivity without fermionic zero modes. We construct three types of electroweak
axion string solutions. Among them, the string with W -flux can be lightest in some pa-
rameter space, which leads to a stable superconducting cosmic string. We also show that a
large electric current can flow along the string due to the Peccei-Quinn scale much higher
than the electroweak scale. This large current induces a net attractive force between the
axion strings with the same topological charge, which opens a novel possibility that the
axion strings form Y-junctions in the early universe.
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1 Introduction
The strong CP problem is one of the unresolved mysteries in the Standard Model (SM) of
particle physics. The problem can be naturally solved by the Peccei-Quinn mechanism, in
which a global symmetry denoted by U(1)PQ is assumed to be spontaneously broken and
provides a (pseudo) Nambu-Goldstone particle, the axion [1–4]. The axion is a promising
candidate for a viable cold dark matter [5–7].
Among various models bringing the axion (for recent reviews, see, e.g., Refs. [8–12]),
the DFSZ model [13, 14] has been studied extensively, as well as the KSVZ model [15, 16].
In the DFSZ model, the scalar sector of the SM is extended to have two Higgs doublets
and one SM-singlet complex scalar. The scalar fields and the SM fermions are assumed
to be charged under the U(1)PQ symmetry, which is spontaneously broken by a vacuum
expectation value (VEV) of the complex scalar. The axion is a linear combination of
imaginary components of the doublets and the complex scalar.
The U(1)PQ symmetry in the DFSZ model is anomalous due to one-loop contributions
from the SM fermions and is broken down to a discrete subgroup Z3 (or Z6), which pro-
duces a domain wall at the QCD phase transition. The energy density of the domain walls
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dominate soon that of the universe, leading to the domain wall problem. One possible
scenario to solve the problem is to assume that the U(1)PQ symmetry is broken during or
before the cosmological inflation. There exists, however, a stringent constraint on isocur-
vature perturbation produced by the axion during the inflation [17]. Another simple way
is introducing a tiny term breaking the symmetry explicitly, called the bias [18, 19], which
resolves the vacuum degeneracy [20–22]. For other scenarios and their studies, see, e.g.,
Refs. [23–28].
As well as most axion models enjoying the U(1)PQ symmetry, the DFSZ model predicts
the axion string [29], which is a global cosmic string. The axion string is created by
the Kibble-Zurek mechanism [30, 31] (see also Ref. [32]) when the U(1)PQ symmetry is
spontaneously broken. For the scenario that the domain wall problem is avoided by the
inflation, the axion strings are diluted away and seem to play no role in cosmology. But
for the other scenarios, they become interesting ingredients in the universe and have been
studied in various contexts (see Ref. [33]). After the creation, the strings form a network
whose energy density has a scaling property. To understand the evolution of the network, it
is important to study the interaction between the axion strings. The interaction is thought
to be dominated by exchange of the (massless) axion as a long-range force.
On the other hand, cosmic strings sometimes can be superconducting strings [34]
when the electromagnetic gauge symmetry is spontaneously broken inside the strings. It
is known that the axion strings necessarily become superconducting states [35–38] because
they must have fermionic zero modes traveling on the string [39, 40]. The maximum
amount of the supercurrent is determined by the (bulk) mass of the fermions. In the DFSZ
model, however, the axion string cannot carry significant amount of the current because
the model has no heavy fermions. Thus, the superconductivity seems to play no crucial
role for cosmological properties.
In this paper, we show that the axion string in the DFSZ model becomes the elec-
troweak string after the breaking of the electroweak symmetry. The electroweak string is a
string containing flux tubes of the SU(2)W ×U(1)Y gauge fields like the Abrikosov-Nielsen-
Olesen vortex [41, 42] and has been studied in the SM [43–51] (see Ref. [52] for review),
and in two Higgs doublet models (2HDM) [53–62] (for recent comprehensive studies, see
Refs. [63, 64]). An essence is that the two Higgs doublets in the DFSZ model also ac-
quire the VEVs after the electroweak phase transition and they must have winding in the
SU(2)W ×U(1)Y gauge orbits for the single-valuedness, as well as the winding for U(1)PQ.
We call such strings the electroweak axion strings. In particular, we show that there are at
least three types of the electroweak axion string in the DFSZ model. Interestingly, some
of them have very similar properties to those of the electroweak string in 2HDM.
Furthermore, we show that one of the electroweak axion strings (dubbed the type-C
string) can be a superconducting string without fermionic fields. This is because it has the
W -flux and the U(1)EM symmetry is spontaneously broken there. This is a similar situation
to superconductivity of non-Abelian vortices [65, 66]. Remarkably, due to the coupling
between the Higgs doublets and the complex scalar, the amount of the supercurrent can
be of order of the U(1)PQ breaking scale resulting in large magnetic energy even in the
DFSZ model. As a consequence, the strings feel a large magnetic interaction, which can
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H1 H2 S
SU(2)W 2 2 1
U(1)Y 1 1 0
U(1)PQ X1 X2 Xs
Table 1: The scalar field contents and their quantum charges.
overcome the one from the axion exchange. Therefore, superconductivity could drastically
change the cosmological scenario of the axion strings in the DFSZ model.
The rest of this paper is organized as follows. In Sec. 2, the DFSZ axion model is
reviewed and our notation is introduced. For later use, we present a definition of the
U(1)EM in general soliton backgrounds. In Sec. 3, after a brief review of the conventional
axion string, we discuss the electroweak axion strings. There are at least three types of
the electroweak axion strings (type-A, B and C). We compare the tensions of the strings.
In Sec. 4, we show that the type-C string can be superconducting. A linearized equation
of motion for massless zero modes traveling on the string is presented. In addition, we
estimate the maximum amount of the supercurrent flowing on the string to be of order of
the U(1)PQ breaking scale. Sec. 5 is devoted to the conclusion. In Appendix. A, we present
the derivation of the linearized equation used in Sec. 4.
2 The model
2.1 DFSZ axion model
The particle contents and the charge assignments under the SM gauge group and the
U(1)PQ are shown in Tab. 1. We introduce a SM-singlet complex scalar S and two SU(2)W
doublets, H1 and H2, both with the hypercharge Y = 1. The Lagrangian which describes
the electroweak and scalar sectors is written as
L = −1
4
(Yµν)
2 − 1
4
(
W aµν
)2
+
∑
i=1,2
|DµHi|2 + |∂µS|2 − V (H1, H2, S). (2.1)
Here, Yµν and W
a
µν describe field strength tensors of the hypercharge and weak gauge
interactions, respectively, with µ (ν) and a being Lorentz and weak iso-spin indices, re-
spectively. Dµ represents the covariant derivative acting on the Higgs fields, and the index
i runs i = 1, 2. The scalar potential V (H1, H2, S) being invariant under the charge assign-
ments of Tab. 1 is
V (H1, H2, S) = VH + VS + Vmix, (2.2)
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where each part is given by
VH =m
2
11H
†
1H1 +m
2
22H
†
2H2 +
β1
2
(
H†1H1
)2
+
β2
2
(
H†2H2
)2
+ β3
(
H†1H1
)(
H†2H2
)
+ β4
(
H†1H2
)(
H†2H1
)
, (2.3)
VS =−m2S |S|2 + λS |S|4, (2.4)
Vmix =
(
κS2H†1H2 + h.c.
)
+ κ1S |S|2|H1|2 + κ2S |S|2|H2|2, (2.5)
with m2S > 0 which admits S to acquire a non-zero VEV: 〈S〉 = vs. Without loss of
generality, we can suppose that the Higgs fields develop VEVs as 〈H1〉 = (0, v1)T , 〈H2〉 =
(0, v2)
T with v1, v2 ∈ R.1 Then the electroweak scale, vEW (' 246 GeV), can be expressed
by these VEVs as v2EW = 2(v
2
1 + v
2
2). We also define tanβ ≡ v2/v1. In order for Vmix to
be invariant under the U(1)PQ symmetry, the U(1)PQ charges in Tab. 1 should satisfy the
relation 2Xs − X1 + X2 = 0. If the first term in Eq. (2.5) has a structure like SH†1H2
instead of S2H†1H2, the assignment of the U(1)PQ charges should change, but qualitative
properties of the axion strings we discuss below are almost same. In particular, the string
becomes superconducting also in such a case.
The Yukawa interaction terms are given by
LYukawa =− yUQ
(
iσ2H
∗
1
)
uR − yDQH2dR − yeLH2eR + h.c., (2.6)
and the SM fermions carry the U(1)PQ charge so that this Lagrangian is invariant under
U(1)PQ. The new singlet scalar S couples to the SM fermions via Higgs sector. In the
following parts of this paper, we leave aside the Yukawa terms.
For later use, we rewrite the Higgs fields in a two-by-two matrix form[67], H, defined
by
H = (iσ2H
∗
1 , H2) . (2.7)
The matrix field H transforms under the electroweak SU(2)W × U(1)Y symmetry as
H → exp
[
i
2
θa(x)σa
]
H exp
[
− i
2
θY (x)σ3
]
, (2.8)
where the group element acting from the left belongs to SU(2)W and the other element
acting from the right belongs to U(1)Y . Therefore the covariant derivative on H can be
expressed as
DµH = ∂µH − ig
2
σaW
a
µH + i
g′
2
Hσ3Yµ. (2.9)
The VEV ofH is expressed by a diagonal matrix 〈H〉 = diag(v1, v2), and the Higgs potential
VH can be written by using H as follows:
VH =−m21 Tr|H|2 −m22 Tr
(|H|2σ3)+ α1 Tr|H|4
+ α2
(
Tr|H|2)2 + α3 Tr (|H|2σ3|H|2σ3)+ α4 Tr (|H|2σ3|H|2) , (2.10)
1Note that we drop “1/
√
2” in our notation for the VEVs.
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where |H|2 ≡ H†H and the relations between the parameters in Eq. (2.3) and in Eq. (2.10)
are given by
m211 = −m21 −m22, m222 = −m21 +m22, (2.11)
β1 = 2(α1 + α2 + α3 + α4), β2 = 2(α1 + α2 + α3 − α4), (2.12)
β3 = 2(α1 + α2 − α3), β4 = 2(α3 − α1). (2.13)
The mixing term Vmix is also rewritten by H as
Vmix =
(
κS2detH + h.c.
)
+
1
2
(κ1S + κ2S)|S|2 Tr|H|2
+
1
2
(κ1S − κ2S)|S|2 Tr(|H|2σ3). (2.14)
The custodial transformation SU(2)C in the two Higgs doublet model [67, 68] is iden-
tified as the global unitary transformation of the Higgs matrix H as
H → U †HU, U ∈ SU(2)C . (2.15)
If m22 = α3 = α4 = 0, and κ1S = κ2S , the scalar potential is invariant under the custodial
transformation. This symmetry makes the two VEVs be equal, tanβ = 1.
2.2 Mass spectra and PQ transformation
The scalar fields develop the following VEVs
〈H〉 =
(
v1 0
0 v2
)
, 〈S〉 = vs. (2.16)
The stationary conditions are solved with the mass parameters m21, m
2
2, m
2
S as
m21 = (α1 + 2α2 + α3 + α4)v
2
1 + (α1 + 2α2 + α3 − α4)v22 +
1
2
[
κ
(
v1
v2
+
v2
v1
)
+ κ1S + κ2S
]
v2s ,
(2.17)
m22 = (α1 + α3 + α4)v
2
1 − (α1 + α3 − α4)v22 +
1
2
[
κ
(
v2
v1
− v1
v2
)
+ κ1S − κ2S
]
v2s , (2.18)
m2S = 2λSv
2
s + κ1Sv
2
1 + κ2Sv
2
2 + 2κv1v2. (2.19)
After the symmetry breaking, the gauge bosons and scalars become massive due to the
above VEVs. The masses of the weak gauge bosons are given by
mW =
gvEW
2
, mZ =
gvEW
2 cos θW
, (2.20)
with the standard definitions of the weak mixing angle cos θW = g/
√
g2 + g′2, the Z boson
Zµ = W
3
µ cos θW − Yµ sin θW, and the photon Aµ = W 3µ sin θW + Yµ cos θW.
In the scalar sector, we have three scalars, three pseudo scalars, and two charged
scalars. Among these, one massless pseudo scalar and one massless charged scalar are
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eaten by the weak gauge bosons, and the other massless pseudo scalar becomes the axion,
which obtains a mass from the non-perturbative QCD effect. There remain five physical
scalar bosons after the symmetry breaking. For example, the lightest real scalar has the
mass eigenvalue
m2h1 ' 4(α1 + α3)
v41 + v
4
2
v21 + v
2
2
+ 4α2(v
2
1 + v
2
2) + 4α4(v
2
1 − v22)
−
(
κ1Sv
2
1 + κ2Sv
2
2 + 2κv1v2
)2
λS(v21 + v
2
2)
, (2.21)
up to O(v2EW/v2s), and we identify it as the SM Higgs boson. The mass squared matrix for
three pseudo scalars is expressed as
κ
−
v2v2s
v1
v2s 2v2vs
v2s −v1v
2
s
v2
−2v1vs
2v2vs −2v1vs −4v1v2
 . (2.22)
This matrix has one massive and two exact zero modes. The non-vanishing mass eigenvalue
is
m2A0 = −κ
4v21v
2
2 + v
2
1v
2
s + v
2
2v
2
s
v1v2
. (2.23)
In order to avoid the tachyonic mass, the portal coupling κ should be negative. One of the
massless eigenvector is (cosβ, sinβ, 0) which corresponds to the longitudinal mode of the Z
boson. Another zero eigenvector is given by (X1v1, X2v2, Xsvs) as long as 2Xs−X1+X2 = 0
is satisfied. This flat direction corresponds to the axion. Imposing these two massless modes
are orthogonal, we find
X1 = 2 sin
2 β, X2 = −2 cos2 β, Xs = 1, (2.24)
where Xs determines the normalization. Then the U(1)PQ transformation acts on the
scalars as
H1 → e2iα sin2 βH1, H2 → e−2iα cos2 βH2, S → eiαS. (2.25)
The same result is obtained by defining the U(1)PQ current not to couple to the Z boson.
For the matrix field H, the U(1)PQ transformation becomes
H → e−iαHeiασ3 cos 2β. (2.26)
2.3 Definition of unbroken U(1)EM group
Unlike in the vacuum, in the presence of a soliton background, the definition of the unbroken
U(1)EM generator is non-trivial. According to Ref. [69], it is defined as
QˆH ≡ −naσa
2
H −Hσ3
2
(2.27)
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where
na ≡
∑
i=1,2 |Hi|2nai
C
, (2.28)
na1 ≡
H†1σ
aH1
|H1|2 , n
a
2 ≡
H†2σ
aH2
|H2|2 . (2.29)
The positive normalization factor C is determined to satisfy nana = 1. Correspondingly,
the U(1)Z subgroup in the SU(2)W × U(1)Y group is defined as
TˆZH ≡ −naσa
2
H − sin2 θW QˆH. (2.30)
Also, the U(1)Z and U(1)EM gauge fields are defined as
Zµ ≡ −naW aµ cos θW − Yµ sin θW, (2.31)
Aµ ≡ −naW aµ sin θW + Yµ cos θW. (2.32)
In addition, the charged components of SU(2)W gauge group is defined as orthogonal com-
ponents to naσa. In the vacuum, the Higgs field takes a constant VEV 〈H〉 = diag(v1, v2),
and naσa = −σ3. The above definitions reduce to the conventional ones. The VEV is
invariant under U(1)EM,
Qˆ〈H〉 = 0, (2.33)
which means that the U(1)EM symmetry is not spontaneously broken in the vacuum.
It may be useful to rewrite the above expressions for the two doublets H1 and H2,
QˆHi =
(
−naσa
2
+
1
2
1
)
Hi, (2.34)
TˆZHi =
(
−naσa
2
− sin2 θW Qˆ
)
Hi, (2.35)
for i = 1, 2.
3 Electroweak axion strings
Similarly to other axion models, the DFSZ axion model provides a vortex string solu-
tion known as the axion string corresponding to the breaking of U(1)PQ. On the other
hand, after the electroweak phase transition, the axion string can contain flux tubes of the
SU(2)W × U(1)Y gauge fields like the Abrikosov-Nielsen-Olesen vortex [41, 42] since the
two Higgs doublets also acquire the VEVs. We call such vortex strings the electroweak ax-
ion strings. In this section, we show that there are (at least) three types of the electroweak
axion strings in the DFSZ model. Interestingly, some of them have similar properties to
those of (non-Abelian) vortices in two Higgs doublet models, in which there is a global
symmetry for a relative rotation of the two Higgs doublets. In particular, some part of our
argument in this section refers to that in Refs. [63, 64].
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3.1 Axion string in DFSZ model
We first review the conventional axion string in this subsection. Let us consider a case that
the U(1)PQ symmetry is spontaneously broken by 〈S〉 6= 0 but the electroweak symmetry
remains, 〈H1〉 = 〈H2〉 = (0, 0)T. This situation realized in the early universe when the
temparature Tth satisfies vEW  Tth  vs. In this case, as is well-known, a vortex-
string configuration associated with the global U(1)PQ symmetry exists as a solution to
the equation of motion (EOM), which is called the axion string in the literature. The
configuration located on the z-axis is described by the following ansatz
S = vse
iθφ(r), H1 = H2 =
(
0
0
)
, (3.1)
where r and θ are the distance from the z-axis and the rotational angle, respectively.
Namely, x+ iy = reiθ. The profile function φ(r) satisfies the boundary conditions
φ(0) = 0, φ(∞) = 1. (3.2)
The detailed form of φ(r) is determined by solving the EOM. This string has a winding
number associated with the U(1)PQ symmetry, and hence is topologically stable.
It is known that such strings are necessarily produced during the phase transition
of the U(1)PQ symmetry breaking by the Kibble-Zurek mechanism. In the viewpoint of
phenomenology, one of the important aspects of cosmic strings is the interaction between
a pair of the cosmic strings having the same topological charge. For axion strings, the
interaction is dominated by exchange of massless axion particles, resulting in the long-
range repulsive force. The potential of the interaction Vst. is approximately given as Vst. ∼
−v2s logR with R being the distance between the pair. Due to the repulsive interaction, a
pair of the strings reconnects with probability of the order of unity when they collide to
each other and does not form a bound state of the strings (such as the Y-junction [70–78]).
As a result, the strings form a stationary network whose typical length scale remains to be
the Hubble horizon scale (scaling regime). Such a scale-invariant evolution of the network
prevents the energy density of the strings from dominating that of the universe, and thus
axion models producing the axion strings are cosmologically viable as far as concerning the
strings.
3.2 Vortex string with Z-flux (type-A string)
Next, we discuss the electroweak axion strings. Let us consider a string configuration after
the electroweak phase transition Tth . vEW. The two doublets also acquire the VEVs
and their phases must also wind in order to avoid divergent energy from Vmix.
2 From the
2If the two doublets had no windings, the mixing term provides κv2sv1v2 cos 2θ at large distances, which
means a divergent potential energy after the spatial integration.
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single-valuedness of the doublets, an ansatz describing the configuration is given as
S = vse
iθφ(r)
H1 = v1e
iθ
(
0
f(r)
)
H2 = v2e
−iθ
(
0
h(r)
) , (3.3)
Zi =
2 cos 2β
gZ
ijxj
r2
(1− z(r)), (3.4)
and W±i = Ai = 0. gZ is the coupling of Z-boson given by gZ =
√
g2 + g′2. ij is the
anti-symmetric tensor satisfying 12 = −21 = 1. We call this string configuration the
type-A electroweak axion string.
The last two configurations in Eq. (3.3) are equivalent to
H = e−iθ
(
v1f(r) 0
0 v2h(r)
)
. (3.5)
The profile functions f(r), h(r) satisfy the same boundary conditions as that of φ(r), i.e.,
φ(0) = f(0) = h(0) = 0, φ(∞) = f(∞) = h(∞) = 1. (3.6)
The profile function for the gauge field z(r) should satisfy the boundary conditions
z(0) = 1, z(∞) = 0. (3.7)
Noting that the two doublets have U(1)PQ charges as given in Eq. (2.25), it is conve-
nient to decompose the winding phases as
H1 = v1e
2iθs2βe−iθσ3c2β
(
0
f(r)
)
, (3.8)
H2 = v2e
−2iθc2βe−iθσ3c2β
(
0
h(r)
)
, (3.9)
with cX ≡ cos(X) and sX ≡ sin(X). Eqs. (3.8) and (3.9) mean that the configurations
of the doublets have the winding number unity for the global U(1)PQ symmetry and the
fractional winding number − cos 2β for the U(1)Z subgroup of the SU(2)W ×U(1)Y gauge
symmetry. Therefore, the gradient energy from the U(1)Z windings is canceled by the Z
gauge field (3.4) with Eq. (3.7) at large distances r → ∞. It follows from Eq. (3.4) that
the string configuration has the Z-flux,
ΦZ =
∮
r=∞
dxi Zi =
−4pi cos 2β
gZ
, (3.10)
which is fractionally quantized because of the fractional winding number.
– 9 –
Figure 1: Schematic picture of the energy density profile of the electroweak axion
strings. The energy density consists of three parts. There is an one-dimensional thin
object consisting of the radial component of the complex scalar φ(r) in Region I: r . v−1s .
We call this region the core of the string. In Region II: v−1s . r . (vEW)−1 (red region),
the energy density is dominated by the Higgs fields and the electroweak gauge fields. This
region is much fatter than Region I. In addition, there is the fattest part made from the
gradient energy of the axion, leading to the logarithmically divergent tension. This is
denoted by Region III: r & (vEW)−1 (blue cloud).
We discuss a qualitative property of the profile functions. The typical length scale
for φ(r) is v−1s while those of f(r), h(r) and z(r) are given as (vEW)−1. Thus the string
is a “multi-scale solution”. Fig. 1 shows a schematic picture of the energy density profile
of the electroweak axion strings. The energy density has three structures. One is that
from the radial component of the complex scalar, φ(r), whose typical scale is v−1s . This
part looks as a thin object (Region I: r . v−1s ). Another is from those of the two Higgs
doublets and the gauge fields, whose typical scale is the EW-scale (vEW)
−1. This region,
which we call Region II, is much fatter than Region I and is shown as the red region. The
third part is the fattest part from the gradient energy of the axion. This is denoted by
Region III: r & (vEW)−1 (blue cloud in the figure). When one calculates the tension of the
string (energy per unit length) by integrating the energy density on the xy plane, the third
part leads to the log-divergent tension ∼ 2piv2s logL where L is the IR-cutoff and is usually
taken as the distance between neighbor two strings. The coefficient of the log divergence is
the same as that of the conventional axion string in the last subsection because it depends
only on the winding number of the global U(1)PQ symmetry.
Let us obtain the profile functions and calculate the string tension for the type-A
string in a numerical way. For simplicity, we take m22 = α4 = 0 and κ1S = κ2S , leading
to tanβ = 1 (see the stationary condition (2.18)). The VEVs are denoted as v1 = v2 ≡ v.
We should note that in this case, the Higgs doublets do not have winding number for the
U(1)Z gauge subgroup, and thus the right hand side of Eq. (3.4) vanishes. The Z-flux is
– 10 –
constantly zero. After substituting the ansatz, the energy density is given by
E ≡ |∂iS|2 + Tr|DiH|2 + 1
4
(W aij)
2 +
1
4
(Yij)
2 + V (H,S) (3.11)
=
v2
r2
[
r2
(
f ′(r)2 + h′(r)2
)
+ f(r)2 + h(r)2
]
+ v2
[−m21(f(r)2 + h(r)2) + 2α2v2f(r)2h(r)2 + v2α123(f(r)4 + h(r)4)]
+ v2v2s
[
2κf(r)h(r)φ(r)2 + κ1S(f(r)
2 + h(r)2)φ(r)2
]
+ v2s
(−m2Sφ(r)2 + λSv2Sφ(r)4)+ v2sr2 (r2φ′(r)2 + φ(r)2) , (3.12)
with α123 ≡ α1 + α2 + α3 and ′ denoting the derivative with respect to r.
The EOMs are obtained as
f ′′(r) +
f ′(r)
r
− f(r)
r2
−
(
2α123 v
2f(r)2 + 2α2v
2h(r)2 + κ1Sv
2
sφ(r)
2 −m21
)
f(r)− κv2sh(r)φ(r)2 = 0, (3.13)
h′′(r) +
h′(r)
r
− h(r)
r2
−
(
2α123 v
2h(r)2 + 2α2v
2f(r)2 + κ1Sv
2
sφ(r)
2 −m21
)
h(r)− κv2sf(r)φ(r)2 = 0, (3.14)
φ′′(r) +
φ′(r)
r
− φ(r)
r2
−
(
2λSv
2
sφ(r)
2 + 2κ1Sv
2(f(r)2 + h(r)2) + 2κv2f(r)h(r)−m2S
)
φ(r) = 0. (3.15)
We adopt the so-called relaxation method to solve the EOMs. As a benchmark case, we
take the parameters as
α1 = 1, α2 = −0.3348, α3 = 0, λS = 1, κ = −2
(
v
vs
)2
, κ1S = 0.4, (3.16)
such that the lightest scalar mass m2h1 reproduces the SM Higgs mass (125 GeV)
2. In
addition, we set the VEV for S as vs = 10 v. Although this is too small and not viable in
the phenomenological viewpoint, it does not matter because the qualitative picture of the
type-A string does not change. If one takes them more hierarchical, huge numerical costs
arise in the calculation. The obtained numerical solutions are shown in Fig. 2. In the left
panel, f(r) (blue line) is equal to h(r) (dotted orange line) everywhere. φ(r) increases as
φ ∼ vsr for r ∼ 0 while f = h ∼ vr. All of them approach to unity for r → ∞. The
right panel shows the energy density E (Eq. (3.11)) divided by v2s/r2. The divided value
approaches to unity, which means that the energy density has a polynomial tail like r−2,
instead of an exponential one. This leads to the logarithmically divergent tension.
3.3 Type-B string with Z-flux
There is another type of vortex string that is consistent with the single-valuedness and the
potential minimum. We call this string the type-B electroweak axion string. The ansatz
– 11 –
0 10 20 30 40 50 60
0.0
0.2
0.4
0.6
0.8
1.0
0 5 10 15 20 25 30
0.0
0.2
0.4
0.6
0.8
1.0
Figure 2: Numerical solution for the type-A string. We take benchmark parameters as
Eq. (3.16) and vs = 10 v. Also we adopt a length unit as v
−1
s = 0.5. (left): Plots of profile
functions. Note f(r) (blue line) is equal to h(r) (dotted orange line) everywhere. φ(r)
increases as φ ∼ vsr for r ∼ 0 while f = h ∼ vr. All of them approach to unity for
r →∞. (right): Plot of energy density E (Eq. (3.11)) divided by v2s/r2. Clearly, the
energy density has a polynomial tail like r−2, instead of an exponential one. This leads to
the logarithmically divergent tension. The integrated value of the tension over
0 ≤ r ≤ 120 v−1s is 140.321.
describing the string is given as 
S = vse
iθφ(r)
H1 = v1e
2iθ
(
0
f(r)
)
H2 = v2
(
0
h(r)
) (3.17)
Zi =
4 cos2 β
gZ
ijxj
r2
(1− z(r)). (3.18)
The last two configurations in Eq. (3.17) are equivalent to
H = e−iθe−iθσ3
(
v1f(r) 0
0 v2h(r)
)
. (3.19)
The profile functions f(r) and φ(r) satisfy the same boundary conditions,
φ(0) = f(0) = 0, φ(∞) = f(∞) = 1, (3.20)
but h(r) should satisfy the following boundary conditions:
∂rh|r=0 = 0, h(∞) = 1. (3.21)
The profile function for the gauge field z(r) satisfies
z(0) = 1, z(∞) = 0. (3.22)
– 12 –
Note that h(r) is not fixed to zero on the center of the string because it does not have the
winding phase.
Again, we decompose the winding phases as
H1 = v1e
2iθs2βe−2iθσ3c
2
β
(
0
f(r)
)
, (3.23)
H2 = v2e
−2iθc2βe−2iθσ3c
2
β
(
0
h(r)
)
, (3.24)
which mean that the configurations of the doublets have the winding number unity for
the global U(1)PQ symmetry and the fractional winding number −2 cos2 β for the U(1)Z
subgroup. Similarly to the previous case, the Z gauge field (3.18) cancels the gradient
energy from the U(1)Z windings. It follows from Eq. (3.4) that the string configuration
has the Z-flux, which is calculated as
ΦZ =
∮
r=∞
dxi Zi =
−8pi cos2 β
gZ
. (3.25)
Interestingly, this string configuration is quite similar to the topologically stable Z-string
(topological vortex with the Z-flux) in 2HDM [55, 56, 63, 64]. In addition to the winding
number of U(1)Z , the difference from the 2HDM is the existence of the singlet complex
scalar carrying the U(1)PQ charge, which is replaced by the relative phase rotation of the
two doublets in the 2HDM.
Let us obtain the profile functions and calculate the string tension for the type-B string
in a numerical way. Again, we take m22 = α4 = 0 and κ1S = κ2S , leading to tanβ = 1.
The VEVs are denoted as v1 = v2 ≡ v. Unlike the type-A string, the Higgs doublets have
winding numbers for the U(1)Z gauge subgroup even for tanβ = 1. Consequently, the
Z-flux is non-zero and confined inside the string. The energy density is
E =v
2
r2
[
r2
(
f ′(r)2 + h′(r)2
)
+ f(r)2(1 + z(r))2 + h(r)2(1− z(r))2]
+ v2
[−m21(f(r)2 + h(r)2) + 2α2v2f(r)2h(r)2 + v2α123(f(r)4 + h(r)4)]
+ v2v2s
[
2κf(r)h(r)φ(r)2 + κ1S(f(r)
2 + h(r)2)φ(r)2
]
+ v2s
(−m2Sφ(r)2 + λSv2Sφ(r)4)+ v2sr2 (r2φ′(r)2 + φ(r)2)+ 2z′(r)2g2Zr2 (3.26)
Then, the EOMs are obtained as
f ′′(r) +
f ′(r)
r
− (1 + z(r))
2
r2
f(r)
−
(
2α123 v
2f(r)2 + 2α2v
2h(r)2 + κ1Sv
2
sφ(r)
2 −m21
)
f(r)− κv2sh(r)φ(r)2 = 0, (3.27)
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Figure 3: Numerical solution for the type-B string. We take the same parameters as
ones in Fig. 2. Also we adopt a length unit as v−1s = 0.5. (left): Plots of profile functions.
φ(r) increases as φ ∼ vsr for r ∼ 0 while f(r) behaves as a quadratic function with
respect to r. The three profile functions f, h and φ approach to unity for r →∞. The
profile function of the Z field, z(r), approaches to zero as r →∞ starting from unity at
r = 0. (right): Plots of energy density (3.26) divided by v2s/r
2 and the Z-flux density
multiplied by −10. The energy density has a polynomial tail like r−2 like the type-A
string. The tension T integrated over 0 ≤ r ≤ 120 v−1s is 140.524. The Z-flux density
decays exponentially for r →∞ like the usual Abrikosov-Nielsen-Olesen vortex. The total
value of the Z-flux is calculated to −16.9539, which is consistent with Eq. (3.25).
h′′(r) +
h′(r)
r
− (−1 + z(r))
2
r2
h(r)
−
(
2α123 v
2h(r)2 + 2α2v
2f(r)2 + κ1Sv
2
sφ(r)
2 −m21
)
h(r)− κv2sf(r)φ(r)2 = 0, (3.28)
φ′′(r) +
φ′(r)
r
− φ(r)
r2
−
(
2λSv
2
sφ(r)
2 + κ1Sv
2(f(r)2 + h(r)2) + 2κv2f(r)h(r)−m2S
)
φ(r) = 0, (3.29)
z′′(r)− z
′(r)
r
− g
2
Zv
2
2
f(r)2(1 + z(r))− g
2
Zv
2
2
h(r)2(−1 + z(r)) = 0. (3.30)
We take the same parameter choice as Eq. (3.16). In addition, we set the VEV for S as
vs = 10 v. The obtained numerical solutions are shown in Fig. 3. In the left panel, f(r)
(φ(r)) behaves like vsr (vr
2) at the origin because the phases of φ(r) and f(r) wind once
and twice, respectively. h(r) does not start from zero at the origin due to the Neumann
condition at the origin. All of the scalar profile functions approach to unity for r → ∞.
The profile function for the gauge field z(r) approaches to zero starting from unity. The
right panel shows the energy density E (Eq. (3.11)) divided by v2s/r2 and the Z-flux density
multiplied by −10. Similarly to the previous case, the type-A string, the energy density has
a polynomial tail like r−2, instead of an exponential one. This leads to the logarithmically
divergent tension. On the other hand, the Z-flux has an exponential tail.
In the above ansatz for the type-B string, only the one doublet H1 has the winding
number. There may be also an alternative string in which only H2 has the winding phase.
Roughly speaking, they are related by exchange of the two doublets H1 and H2. Since the
– 14 –
property is similar to the former, we do not study the latter one in this paper and also
categorize the latter one as the type-B string.
3.4 Type-C string with W -flux
Finally, we consider the third type of the vortex string, called the type-C electroweak axion
string. The ansatz for the scalar fields is given as
S = vse
iθφ(r)
H1 =
1
2v1e
iθ
(
f(r)eiθ − h(r)e−iθ
f(r)eiθ + h(r)e−iθ
)
H2 =
1
2v2e
−iθ
(
h(r)eiθ − f(r)e−iθ
h(r)eiθ + f(r)e−iθ
) (3.31)
The profile functions f(r), h(r), φ(r) satisfy similar boundary conditions to those of the
type-B string, (3.20) and (3.21), i.e.,
f(0) = φ(0) = 0, ∂rh|r=0 = 0, f(∞) = h(∞) = φ(∞) = 1. (3.32)
Unlike the type-A and type-B strings, in the background of the type-C string, the
U(1)EM and U(1)Z generators depend on the positions. As explained in Sec. 2, the U(1)EM
generator is defined by Eq. (2.27) or Eq. (2.34). Substituting the ansatz Eq. (3.31), we
obtain
na1 =
H†1σ
aH1
|H1|2 =
2
f2 + h2
(
(f2 − h2)/2,−fh sin 2θ,−fh cos 2θ) , (3.33)
na2 =
H†2σ
aH2
|H2|2 =
2
f2 + h2
(
(h2 − f2)/2,−fh sin 2θ,−fh cos 2θ) , (3.34)
and
na
σa
2
= −σ2
2
sin 2θ − σ3
2
cos 2θ. (3.35)
Then the U(1)EM and U(1)Z generators are given by
QˆHi =
(
σ2
2
sin 2θ +
σ3
2
cos 2θ +
1
2
1
)
Hi, (3.36)
TˆZHi =
(
σ2 sin 2θ + σ3 cos 2θ − sin2 θW Qˆ
)
Hi, (3.37)
which depend on θ.
Let us see the asymptotic behaviors of the two doublets at large distances r → ∞.
From Eq. (3.32), we obtain
H1 ∼ v1eiθ
(
i sin θ
cos θ
)
= v1e
2iθs2βe−iθc2βσZeiθσ1
(
0
1
)
, (3.38)
H2 ∼ v2e−iθ
(
i sin θ
cos θ
)
= v2e
−2iθc2βe−iθc2βσZeiθσ1
(
0
1
)
, (3.39)
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where σZ ≡ 2TˆZ (note QˆHi = 0 for r → ∞). It is clear that these configurations have a
winding number unity for U(1)PQ, − cos 2β for U(1)Z and unity for the U(1)W 1 subgroup
(σ1 rotation) of the gauge symmetry. Therefore, to cancel the gradient energy from the
windings for U(1)Z and U(1)W 1 , the ansatz for the gauge fields are given as
Zi =
2 cos 2β
gZ
ijxj
r2
(1− z(r)), (3.40)
W 1i =
−2
g
ijxj
r2
(1− w(r)), (3.41)
and Ai = 0, where we have used the definitions of the gauge fields Eqs. (2.31) and (2.32).
The profile functions for the gauge fields w(r) and z(r) satisfy
w(0) = z(0) = 1, w(∞) = z(∞) = 0. (3.42)
Interestingly, the type-C string has both of the Z and W -fluxes for tanβ 6= 1. It
follows from the ansatz (3.40) and (3.41) that
ΦZ =
∮
r=∞
dxi Zi =
−4pi cos 2β
gZ
, (3.43)
ΦW 1 =
∮
r=∞
dxi W
1
i =
4pi
g
, (3.44)
where the latter flux is independent of tanβ.
The most important difference from the type-A and type-B strings is that the U(1)EM
symmetry is broken inside the type-C string. This can be seen by using the concrete ex-
pression, Eq. (3.31), as QˆHi 6= 0 (i = 1, 2). Actually, that is generally inevitable for a
configuration with a non-vanishing winding number for charged components, i.e., a config-
uration whose asymptotic form is exp[iTˆ (θ)]H(θ = 0) with a non-Abelian generator Tˆ (θ)
satisfying [Tˆ (θ), Qˆ] 6= 0 [65, 66]. (Tˆ = σ1θ in our case.) Due to the winding, the charged
components cannot remain zero, and they acquire non-zero values inside the string, leading
to the breaking of U(1)EM. We should note that U(1)EM is restored at large distances from
the string, r →∞.
Let us solve the EOMs with respect to the profile functions and calculate the string
tension for the type-C string. Again, we take m22 = α4 = 0 and κ1S = κ2S , leading to
tanβ = 1. The VEVs are denoted as v1 = v2 ≡ v. The Higgs doublets have winding
numbers for the U(1)W 1 gauge subgroup but not for U(1)Z . Consequently, only the W
1-
flux is non-zero and confined inside the string. Substituting the ansatz, the energy density
is given by
E =v
2
r2
[
r2
(
f ′(r)2 + h′(r)2
)
+ f(r)2(w(r) + 1)2 + h(r)2(w(r)− 1)2]
−m21v2(f(r)2 + h(r)2) + v4
[
2(α2 + α3)f(r)
2h(r)2 + (α1 + α2)(f(r)
4 + h(r)4)
]
+ v2v2s
[
2κf(r)h(r)φ(r)2 + κ1S(f(r)
2 + h(r)2)φ(r)2
]
+
2w′(r)2
g2r2
+ v2s
(−m2Sφ(r)2 + λSv2sφ(r)4)+ v2sr2 (r2φ′(r)2 + φ(r)2) , (3.45)
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Figure 4: Numerical solution for the type-C string. We take the same benchmark
parameters as Fig. 2. Also we adopt a length unit as v−1s = 0.5. (left): Plots of profile
functions. The behavior of the scalar profile functions are the same as one in Fig. 3. The
profile function of the W 1 field, w(r), approaches to zero as r →∞ starting from unity at
r = 0. (right): Plots of energy density (3.45) divided by v2s/r
2 and the W 1-flux density
multiplied by 10. The tension integrated over 0 ≤ r ≤ 120 v−1s is 140.604. The total value
of the W 1-flux is calculated to 19.3208, which is consistent with Eq. (3.44).
and, the EOMs are given as follows:
f ′′(r) +
f ′(r)
r
− (1 + w(r))
2
r2
f(r)
−
(
2(α1 + α2)v
2f(r)2 + 2(α2 + α3)v
2h(r)2 + κ1Sv
2
sφ(r)
2 −m21
)
f(r)− κv2sh(r)φ(r)2 = 0,
(3.46)
h′′(r) +
h′(r)
r
− (−1 + w(r))
2
r2
h(r)
−
(
2(α1 + α2)v
2h(r)2 + 2(α2 + α3)v
2f(r)2 + κ1Sv
2
sφ(r)
2 −m21
)
h(r)− κv2sf(r)φ(r)2 = 0,
(3.47)
φ′′(r) +
φ′(r)
r
− φ(r)
r2
−
(
2λSv
2
sφ(r)
2 + κ1Sv
2(f(r)2 + h(r)2) + 2κv2f(r)h(r)
)
φ(r) = 0, (3.48)
w′′(r)− w
′(r)
r
− g
2v2
2
f(r)2(1 + w(r))− g
2v2
2
h(r)2(−1 + w(r)) = 0. (3.49)
The obtained numerical solutions are shown in Fig. 4. We take the same parameter
choice as Eq. (3.16) and set the VEV for S as vs = 10 v. The shapes of the profile functions,
the energy density and the flux density are almost similar to those of the type-B string
(Fig. 3). This can be understood by the argument on non-Abelian moduli in 2HDM in
Ref. [64]. That is, when tanβ = 1, the two ansatz for the Higgs fields (Eqs. (3.17) and
(3.31)) are related by the SU(2)C custodial transformation:
H → U †HU (3.50)
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with U = exp
[
ipi4σ2
]
. This symmetry is respected in the potential V (H,S) when m22 =
α3 = α4 = 0 and κ1S = κ2S , but is explicitly broken in the gauge sector because of g
′ 6= 0.
Thus the shapes and hence the string tension are slightly different between them.
While the above ansatz has the Z- and W 1-fluxes in the string, there may be also a
string in which the W 2-flux (and also mixtures of them in general) is confined. Due to
the U(1)EM symmetry in the Lagrangian, they have the degenerated tension. Since the
property is almost the same as the one we studied above, we do not consider them in this
paper.
3.5 String tensions
The vortex strings we have considered above have the same winding number (unity) as-
sociated with the U(1)PQ symmetry. Because all possible configurations in the theory
are classified into topological sectors characterized by the non-trivial first homotopy group
pi1(U(1)PQ) = Z, the above fact means that they are in the same topological sector with
the topological charge 1 ∈ pi1(U(1)PQ) = Z and that they can continuously change to each
others. Since their string tensions (energy per length unit) are generically not degenerated,
heavier strings decay into the lightest one, which does not decay any further and is a stable
solution to the EOMs.3 We here study the string tensions, i.e., stability of the strings.
For simplicity, we focus on a case with tanβ = 1. This is realized when m22 = α4 = 0 in
the Higgs potential (2.10) and κ1S = κ2S in the mixing term (2.14). In this case, as stated
above, the type-A string does not have the Z-flux and the type-B one has the winding
number unity for U(1)Z . In addition, the type-C string does not have the U(1)Z winding
but does for U(1)W 1 . It may seem that the type-A one is lighter than type-B and type-C
since the latter two have the Z and W -fluxes. However, this is not the case when the
potential energy is more dominant than that of the gauge sector. Indeed, both the profile
functions for the doublets in the type-A string vanish on the core, and thus that leads to
a larger amount of the potential energy than those of the type-B and type-C.
On the other hand, the difference of the tensions between the type-B and type-C
strings is controlled by the parameter α3. As explained in the last subsection, in the case
tanβ = 1, the type-C string has only the W 1-flux, and the two strings are related by the
custodial SU(2)C transformation. If α3 = 0 (and m
2
2 = α4 = 0), the Higgs potential VH
respects this symmetry but the gauge sector does not due to the U(1)Y coupling constant
g′ 6= 0. This slightly lifts up the tension of the type-C because of gZ =
√
g2 + g′2 > g.
The non-zero value of α3 can change this relation. In Refs. [62, 64], it is shown that, in
2HDM, the smaller (larger) value of α3 tends to make the tension of the string with the
W -flux heavier (lighter) than that of the string with the Z-flux. Thus, in our case, we
expect that the type-C string is lighter than the type-A and type-B ones when α3 is larger
than a critical value depending on other parameters.
3In this section, we only show that there are at least three types of the electroweak axion strings. There
might be other types of vortex strings with the same topological charge whose tension are smaller than the
three ones we considered. However, to study all possible ones needs further detailed study and is beyond
the scope of this work.
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Figure 5: String tensions of the type-A, type-B and type-C strings. The parameters are
taken as Eq. (3.51) and the tension is calculated by integration over 0 ≤ r ≤ 120 v−1s .
(left): α3 is fixed as 0 and κ1S is taken as a free parameter. The tension of the type-A
string increases as κ1S becomes larger, but those of the type-B and type-C ones change to
decrease for κ1S & 0.5. (right): κ1S is fixed as 1.0 and α3 is taken as a free parameter. As
is expected, the tension of the type-B (type-C) strings decreases (increases) as α3
becomes larger. The type-C string becomes the lightest one for α3 & 0.
Keeping κ1S = κ2S , we take the benchmark parameters as
α1 = 1, λS = 1, κ = −2
(
v
vs
)2
, vs = 10 v, m
2
2 = α4 = 0, (3.51)
and take α2 such that the lightest scalar massm
2
h1
is equal to the SM Higgs mass (125 GeV)2.
We use a length unit v−1s = 0.5. The remaining two parameters α3 and κ1S are taken as free
parameters. The tensions T are calculated over 0 ≤ r ≤ L with the IR cutoff L = 120 v−1s .
Note that, although each tension depends on the IR cutoff as ∼ logL, the differences do
not, so that we can compare them as far as L is fixed.
Fig. 5 shows the relation of the string tensions between the three strings. In the left
panel, we fix α3 = 0 and scan κ1S in the range −1 ≤ κ1S ≤ 1. The tension of the type-A
string increases as κ1S becomes larger, but those of the type-B and type-C ones change to
decrease for κ1S & 0.5. It can be seen that the difference of the tensions between type-B
and type-C is independent of κ1S , which is reasonable because it is controlled only by the
SU(2)C breaking parameters g
′ and α3 as stated above.
In the right panel, we fix κ1S = 1.0 and scan α3 in the range −1 ≤ α3 ≤ 1. As is
expected, the tension of the type-C (type-B) strings increases (decreases) as α3 increases.
In this parameter choice, that of the type-A string is almost constant, but this tendency
depends on the parameters in general. The type-C string becomes the lightest one for
α3 & 0.
Before closing this section, we stress that the type-C string can be the lightest and
stable string for rather wide parameter space. Although we have concentrated on the case
of tanβ = 1, it would not be crucial. Therefore, the axion string produced by the breaking
of U(1)PQ in the early universe necessarily becomes the type-C electroweak axion string
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after the electroweak phase transition, depending on the parameters in the DFSZ model.
In the string, the U(1)EM symmetry is spontaneously broken. This property causes an
interesting phenomenon on the string, superconductivity of vortex strings, as we see in the
next section.
4 Superconducting DFSZ string
It is known [34] that cosmic strings can be superconductors, i.e., the electric current can
flow along a string without resistance, when the electromagnetic gauge symmetry is broken
inside the string core. Superconducting strings are often realized by using scalar fields that
develop non-zero VEVs only inside the strings or fermionic fields whose gapless modes are
confined on the string. Further, non-Abelian vortex strings, in which charged particles such
as charged vector bosons are condensed, can also support superconductivity [65, 66]. In this
section, we show that the type-C string discussed in Sec. 3 can be a superconducting string.
In the type-C string, the W 1-flux is confined, the U(1)EM symmetry is broken, and the
string can carry large electric current which induces a large magnetic interaction between
the strings. That may affect the cosmological evolution of the string in the DFSZ axion
model. In the following analysis, we assume tanβ = 1 for simplicity, but it is irrelevant to
the argument on superconductivity.
4.1 Zero modes along the string
Let S˜, H˜, W˜µ and Y˜µ be the background configuration for the type-C string given by
Eqs. (3.31) and (3.41). Note that Z˜µ = 0 due to tanβ = 1. We consider the (z, t)-
modulated gauge transformation around the type-C string:
S = S˜, (4.1)
H = exp [iη(z, t)χ(r, θ)] H˜ exp
[
iη(z, t)ξ(r, θ)
σ3
2
]
, (4.2)
Wµ = exp[iη(z, t)χ(r, θ)]
(
W˜µ − i
g
δjµ∂j
)
exp[−iη(z, t)χ(r, θ)], (4.3)
Yµ = Y˜µ +
1
g′
δjµ η(z, t)∂jξ(r, θ) (4.4)
where χ = χaσa/2 and j = r, θ. This is not a mere gauge transformation unless η is
independent of z and t, but is a (z, t)-dependent physical excitation.
Instead of the above expressions, for later use, we consider an alternative ansatz that
is obtained by performing the SU(2)W × U(1)Y gauge transformation with the gauge
parameters (ηχ, ηξ). The transformed ansatz is given by
S = S˜, (4.5)
H = H˜, (4.6)
Wµ = W˜µ + δWµ, (4.7)
Yµ = Y˜µ + δYµ (4.8)
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with
δWµ =
1
g
δαµ χ∂αη, (4.9)
δYµ = − 1
g′
δαµ ξ∂αη, (4.10)
where α = t, z. For these ansatz (4.5)-(4.8), the field strength tensors are given by
Wµν = W˜µν + D˜µδWν − D˜νδWµ, (4.11)
Yµν = Y˜µν + ∂µδYν − ∂νδYµ, (4.12)
where W˜µν , Y˜µν and D˜µ are the field strengths and the covariant derivative consisting of
the background gauge configurations W˜µ and Y˜µ.
The linearized EOMs for the excitation η, χa and ξ are obtained by substituting the
ansatz into the full EOMs,
(DνW
νµ)a = −jµ,aW , (4.13)
∂νY
νµ = −jµY , (4.14)
DµD
µH = −δV (H,S)
δH†
, (4.15)
where jµ,aW and j
µ
Y are the SU(2)W and U(1)Y currents:
jµ,aW =
i
2
g Tr
[
H†σaDµH − (DµH)†σaH
]
, (4.16)
jµY = −
i
2
g′ Tr
[
σ3H
†DµH − (DµH)†Hσ3
]
. (4.17)
Then we obtain the following equations from Eqs. (4.13) and (4.14) (see Appendix A for
the derivation),
∂αη
(
D˜jD˜
jχ
)a
=
−g2
2
∂αη
(
χaTr|H˜|2 + ξTr
[
H˜†σaH˜σ3
])
, (4.18)
∂αη∂j∂
jξ =
−g′2
2
∂αη
(
ξTr|H˜|2 + 2Tr
[
H˜†χH˜σ3
])
, (4.19)
D˜jχ ∂α∂αη = 0, (4.20)
∂jξ ∂α∂αη = 0, (4.21)
and from the EOM for H (4.15)
∂α∂αη
(
2χH˜ + ξH˜σ3
)
= 0. (4.22)
We have used the fact that the background configurations H˜, W˜µ and Y˜µ solve the EOMs.
The above equations (4.20), (4.21) and (4.22) are satisfied with
∂α∂αη = (∂
2
t − ∂2z )η = 0, (4.23)
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which is a (1+1)-dimensional wave equation. This has the zero mode solutions η = η+(z+t)
and η = η−(z − t) with some functions η±, and the general solution can be written by a
linear combination of these modes. When one is particularly interested in the static case,
the t-independent solution is given by
η(z) = ωz, (ω : const.) (4.24)
implying the constant current along the z direction. On the other hand, the radial and
angular dependence of the excitations is determined by Eqs. (4.18) and (4.19). We can see
that there are four independent zero modes corresponding to the solutions χa (a = 1, 2, 3)
and ξ. This is understood from the fact that the whole symmetry of SU(2)W × U(1)Y
(even U(1)EM) is broken inside the string. In other words, four zero modes can induce the
SU(2)W and U(1)Y currents on the string.
However, only one of them induces the U(1)EM current, which generates two-dimensional
Coulomb (magnetic) potential far from the string. To illustrate this, let us consider the
asymptotic behavior of χ and ξ at r → ∞. At infinity, the U(1)EM is restored, in which
the background configuration H˜ satisfies [69]
H˜σ3 + naσaH˜ = 0, na = −
Tr
(
σ3H˜†σaH˜
)
Tr|H˜|2 , (4.25)
and (D˜µn)
a = 0 and Tr|H˜|2 = 2 v2. Using these conditions, the Poisson-like equations
(4.18) and (4.19) become (
D˜jD˜
jχ
)a
= −g2v2 (χa − naξ) , (4.26)
∂j∂
jξ = −g′2v2 (ξ − χana) , (4.27)
which describe the long-range behavior on the xy plane only when χa− ξna = 0. Thus, we
have the two-dimensional Laplace equation:
1
r
∂r(r∂rξ) = 0 (4.28)
with χa = ξna for ξ being rotationally invariant (∂θξ = 0). The asymptotic solution of
Eq. (4.28) behaves as ξ ∼ log r. Substituting this into the expressions of gauge fields gives
δW az ∼
ω
g
na log r, δYz ∼ −ω
g′
log r, (4.29)
where we have taken the normalization of ξ such that ξ → log r for r → ∞. We find the
form of the U(1)EM field strength
FEMrz = − sin θWnaW arz + cos θWYrz, (4.30)
= − sin θWna∂rδW az + cos θW∂rδYz, (4.31)
∼ − ω
er
(r →∞). (4.32)
This is nothing but the magnetic long-range force on the two-dimensional xy plane. Cor-
respondingly, the total amount of U(1)EM current JEM along the string is estimated from
Eq. (4.32) as
JEM ≡ −2pirFEMrz ∼
2piω
e
. (4.33)
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4.2 Current quenching and string interaction
In the above argument, it may seem that the magnitude of the current is given by the
parameter ω and can be taken arbitrarily large. However this is not the case since we have
ignored the backreaction from the zero modes to the background fields S˜, H˜, W˜µ and Y˜µ
by linearizing the EOMs. To examine the backreaction, we look at the following term in
the Lagrangian:
L ⊃ −Tr| − igδWzH˜ + ig′2 H˜σ3δYz|2 (4.34)
= −ω2Tr|χH˜ + ξH˜ σ32 |2, (4.35)
which is obtained by substituting the string ansatz and the solution for η(z). This term
induces a positive squared mass for the SU(2)W × U(1)Y charged components of H˜. For
ω → ∞, the charged components vanish, χH˜ + ξH˜ σ32 → 0, which decreases the SU(2)W
and U(1)Y currents from the Higgs field, j
z,a
W and j
z
Y ((4.16) and (4.17)). Correspondingly,
the right hand sides of Eqs. (4.18) and (4.19) vanish everywhere, and they have only a
trivial solution ξ = χa = 0.4 Thus, the backreaction from an extremely large ω reduces
the amount of the current. Such behavior is known as the current quenching [34].
Now, let us estimate the maximum value of the current. For the U(1)EM zero mode,
χa = ξna, the mass term (4.35) reads
− (ωξ)2Tr|QˆH˜|2 = −(ωξ)2 v
2
2
(f − h)2, (4.36)
where Qˆ is the U(1)EM generator defined in Eq. (2.27), and we have used the concrete
expression of H˜ for the type-C string, Eq. (3.31). On the other hand, using κ1S = κ2S for
v1 = v2 = v, the mass terms for f and h that are originally present in the Lagrangian are
− L ⊃ v
2
r2
[
(1 + w)2f2 + (1− w)2h2]+ (−m21 + κ1Sv2sφ2)(f2 + h2). (4.37)
Due to the backreaction term Eq. (4.36), the two-by-two mass matrix M2 for (f, h) is
changed and not diagonal. It is sufficient to consider the signs of the eigenvalues of M2.
If they are positive inside the string, then f and h tend to vanish, and hence (f − h)2 ∝
Tr|QˆH|2 = 0, which means that the U(1)EM symmetry is restored even inside the string.
On the other hand, if one of them is negative, the quenching is not significant and the
U(1)EM symmetry is still broken. Then the current can be increased with |ω|.
Inside the string, r . v−1, the determinant of the matrix M2 is calculated as
detM2 ∼ m41 +
4
r2
(
ω2ξ2 −m21 + κ1Sφ2
)
+
(−m21 + κ1Sv2sφ2)ω2ξ2, (4.38)
where we have used w(r) ∼ 1 there. Note that the mass matrix and hence the determinant
vary with the radius r in and out the string core as
detM2 ∼
{
v4s +
4
r2
(
ω2ξ2 − v2)− v2ω2ξ2 for r & v−1s ,
v4s +
4
r2
(
ω2ξ2 − v2s
)− v2sω2ξ2 for r . v−1s . (4.39)
4A solution behaving like ∼ log r for all r is singular at r = 0.
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Clearly, there is a critical value of |ωξ|, for which the sign of the term proportional to r−2
changes from negative to positive. For a value smaller than the critical one, there exists
a region where the determinant is negative, avoiding the current quenching. The critical
value of |ωξ| is ∼ vs around the core. Then the current magnitude becomes maximum for
this value. Note that ξ is of order unity inside the core to be connected with the asymptotic
form ξ → log r. Thus, |ω| ∼ vs in this case.
Finally, we consider the tension of the string (energy per unit length). When ω = 0,
the string reduces to the type-C string and the tension T is dominated by the gradient
energy from the axion:
T (ω = 0) ∼ 2pi
∫ L
rdr|∂iS|2 ∼ 2piv2s logL, (4.40)
with L being an IR cutoff. The logarithmic divergence is natural because U(1)PQ is a
global symmetry. On the other hand, for ω 6= 0, there should be an additional contribution
to the tension from the magnetic field induced by the U(1)EM current:
T (ω) = T (0) + TEM (4.41)
where
TEM ∼ 2pi
∫ L
rdr
(
FEMrz
)2 ∼ 2piω2
e2
logL. (4.42)
Thus the current also induces a logarithmically divergent energy, which is comparable to
that from the gradient term, for the maximal current |ω| ∼ vs discussed above.
This result provides an interesting sight for the interaction between the strings. Let
us consider two superconducting strings that are well separated in the xy plane. They are
assumed to have the same winding for U(1)PQ and U(1)W 1 , and contain the supercon-
ducting currents with the same sign. As is well-known, the gradient energy of S gives a
repulsive force ∼ v2s/R0 with R0 being the distance between them. However, the magnetic
interaction induced from the supercurrent provides an attractive force,
F = −(JEM)
2
2piR0
∼ −2piω
2
e2R0
. (4.43)
Therefore, the superconducting strings can receive the attractive force overcoming the
repulsive one with |ω| ∼ vs.
Such an attractive interaction opens a novel possibility that the axion strings in the
DFSZ model form Y-junctions after the reconnections in the early universe. Once Y-
junctions are formed, it makes non-trivial whether the string network evolves to the scaling
solution or not. If not, the string network could dominate the energy density of the uni-
verse and hence the parameter region in the DFSZ axion model is further constrained. In
addition, the Y-junctions produce characteristic signals in astrophysical observations such
as gravitational wave, gravitational lensing and the cosmic microwave background. It is
therefore important to study the interactions of DFSZ axion strings more closely in the
view point of superconductivity.
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5 Conclusion
We have studied the axion strings with the electroweak gauge flux, and their supercon-
ductivity in the DFSZ model. We constructed three types of the electroweak axion string
solutions, which have similar properties to those of (non-Abelian) vortices in two Higgs
doublet model. We also showed that in some parameter space, the string with W -flux, we
called the type-C string, can be lighter than that with Z-flux. The type-C string exhibits
superconductivity and a large electric current can flow along the string. This large current
may realize a net attractive force between the axion strings, which could form Y-junctions
in the early universe.
Once such Y-junctions are formed, they can affect the evolution of the string network
and make non-trivial whether the network evolves to the scaling solution. If no obeying the
scaling behavior, the string network could dominate the energy density of the the universe.
In addition, the Y-junction provides characteristic signals in astrophysical observations.
It is worthwhile to study the Y-junction dynamics of the DFSZ axion strings5 within a
phenomenologically allowed parameter space.
In this paper, we focus on the U(1)EM symmetry breaking through the W -flux. On
the other hand, the type-A and type-B strings also could be superconducting. The Z-flux
give a negative mass contribution to the W -boson as
ig cos θW Z˜µνW
−,µW+,ν , (5.1)
which leads the instability called the W -condensate [79–81]. This can be another pos-
sible mechanism realizing superconductivity. If the magnitude of the background flux is
sufficiently large, the type-A and type-B strings also can be superconducting.
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A Derivation of the linearized EOMs
By substituting the string ansatz into the EOM (4.13) for µ = α, we have(
D˜jD˜
jδWα
)a
=
−i
2
g Tr
[
H˜†σa
(
−igδWαH˜ + ig
′
2
δY αH˜σ3
)
− h.c.
]
, (A.1)
5Y-junctions could also be formed in the KSVZ model when heavy extra fermions are U(1)EM charged
and the strings are superconducting.
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where we have used the fact that the background configurations H˜, W˜µ and Y˜µ solve the
EOMs. The equation is explicitly written by the functions η, χ and ξ :
(l.h.s.) =
1
g
∂αη
(
D˜jD˜
jχ
)a
, (A.2)
(r.h.s) =
−g
2
∂αη Tr
[
H˜† {σa, χ} H˜ +
(
H˜†σaH˜
σ3
2
+
σ3
2
H˜†σaH˜
)
ξ
]
(A.3)
=
−g
2
∂αη
(
χaTr|H˜|2 + ξTr
[
H˜†σaH˜σ3
])
, (A.4)
which implies the linearized EOM (4.18). A similar procedure for the EOM of Yµ (4.14)
leads to the linearized one (4.19). On the other hand, for the EOM (4.13) for µ = j, we
have (
DνW
νj
)a
= − i
2
g Tr
[
H˜†σaD˜jH˜ − (D˜jH˜)†σaH˜
]
. (A.5)
The l.h.s. is divided into two pieces(
DνW
νj
)a
=
(
D˜kW
kj
)a
+
(
DαW
αj
)a
(A.6)
with k = r, θ. The first term in the r.h.s. of Eq. (A.6) is found to be equal to the r.h.s. of
Eq. (A.5), and they are cancelled out from the EOM. The remaining second term is given
at the leading order of δW as
DαW
αj = −∂αD˜jδWα + ig
[
δWα, D˜
jδWα
]
' −1
g
D˜jχ ∂α∂αη, (A.7)
which implies the linearized EOM (4.20). The similar derivation holds for the gauge field
Yµ.
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